
Analysis Recap



I Foundation

1 1 Notations

X for all x Implication

there is min one equivalence

thereis exactly onex AUB Union
there is no AMB intersection

1 AND empty set

V OR

NOT

Negation Rules
AVB A1 B

AAB TAV B

x Alx 7 Asx
Ix Ala x TAIX

A B An B

A B TB A contraposition

1 2 Mappings
Surjective y EB IXEA.to y image equalswhole sodomain

Inje itivity inputs givedifferentoutputs if Xi text Fx

Bijetivity injective and surjective f exists

1.3 Sums and Products
Teleshoping Sums

Σ Can at_ an do

Σ'm ar dat am anti



Σ KID 1 In
Products

Tia

Tti I 2

1 4 Supermum and Intimum

Supermum least upper bound

s sup A it aes for all aEA

Intimum greatest lower bound

i int A it azi for all at A

inf A sup A int A supA

1,5 Partial Fraction Decomposition
tax 8m

1 if degree numerator degree denumerator 1 3,13 1,4
5

perform polynomial division I It YI.IT12 Compute zeros of denominator

1 3

3 Set up partial fractions 1 112

AI g
1 41 4TI

t.tt is

4 Clear denominators 4 31 2 6 4 A x 1 1 41 B 141 Kx D 15



5 Expand term
A x x X 1

B 2 1

2 2 x Dex 2 1

11 jpctD
6 Solve system

1 ATB I D 4

A E D E C E D 1

it i

1 6 Induction
Purpose Prove Acn holds for all nano
1 Base case for all

2h n
Prove A no

2 induction hypothesis Basecase

Assume Acn is true n Eik 1

3 Induction Step 2 Assume Acn is true

prove acne using appanes s.gg mg

t itsne
nh int

nth E 1 Into not

1.7 Triangular inequality
Ixtyl ixitly usedin convergence proots

X yl 211 1 lyll Normedspaces

Errorestimation



2 Sequences
2.1 Theorems on sequences

Bounded and Monotone Sequences
Monotonically increasing anti an

Monotonically decreasing ant an

Bounded mean M n

Monotone sequences converge only if bounded

Cauchy Sequences
70 NEIN n m 2N Ian amke

a sequence converges if and only if it is a Cauchysequence

let OECCI

lantz Until clant and
then an converges contractive behavior differences shrink

Bolzano Weierstrass Theorem
Every bounded sequence of real or complex numbers have at least

one accumulation point convergent subsequence
if an is bounded subsequence Ann such that Any a

Used in compactness arguments

Divergence to Infinity
sequence diverges to o it



g
TEIR 7NEIN anst nZN

an D it and T eventually for all T

2.2 Limits
so so

lim 9 0 gE C 191 1

Iim Ta 1 a EIR

EE How

lim nt et inent

1 2 0 KEIN

Functions
time 1 F e limo 0 to

150 1 time 0
Iim infin

time Incit x a ftp.f o

x1 1f o.tnso 5 0

15 Inexs 0 digot 1 1 0 limo 11 2

Ant an af Ccl a c a To

15 a Incas



I Hopital
Use cases when we get 0 000,10 after rewriting 0 0,00 00

11 tg line time it differentiable

if we have 0 D or D D then we first needto

0.00 tax gex
0 00 tax gas E gÉ

Other methods
limbo X 1 e we look at him next 0 limo e

Lipa It Ee Ia 1 0 e where 0 0 it x a

1 smallterm
term

1 1 E time it 55 e
b

11 sin O so it a



3 Series
3 1 Theorem on Series

IE an Σ land it Elani converges an absolute convergence

Leibniz Criteria

Σ 1 An Converges it an is monotonically decreasing

Quotient Criteria

19 C NEIN OECC

Σ an converges absolutely

Bedingte Convergence Dirichlet Criterion

Σ anbk converges it

An is montonicallydecreasing o
bn all partial sums are smallerthan Cso nein Eh bk C

for Oscillating terms
Root Criterea Fouriertype arguments

Σ land converges it limitant 9 1

diverges it 11 71 For powers an

3.2 Criteria

Σ a:ég

Σ f 161 1 converges absolute

Σ off converges absolute for all aed



Null sequence Criteria Nelessary condition

if an is not a Zero sequence Ean will diverge
Majorant Criterion

Σ an Konverges it an bn n and Ebn converges

Minorant Criteria

Σ an diverges it an butn andEbn diverges
Harmonic Series

Integral Criteria

En:pan converges Spacxidx converges t p.co 0,0 ma
a g

Y

Power series
tix Σ an x xo

Convergence radius R IX xol

I:i
Important Sums
E 9k Geometric Series

Sn do q do firstn of harmonicseries a D

Ek nW Σ A nen.fm E.ks lnenIt Arithmetic series

E tenth 1 Telescoping series

Ex 11
Elite's

Ext

Σ RiemannZeta of 2

E E 2 ⁿ



Σ 4121 2

Σ fi ex 1txt Exponential

E r xe

EE sines x If

E.EE sinhexs xt Fit

E.EE coscxs e'f 1 14_

If 5 coshexs.it

1 1 22 1 2242241

2k tank x 3

E t.IE arctancxs

In X 1 X

E E Fx



4 Functions
DCR More

Emphasis on continuity differentiability monotonicityextrema and convergence

4.1 Continuity and basic Theorems

Definition of Continuity
IX Xol 8 tex fixoke SO 18 0 eD f D R

small changes in input cause small changes in output

Order Perservation via derivatives

It fca geal and f x g x x Elab fix gex x a b

Continuity via Estimation
Ifexs try gex goal for all xyeD andg continuous also continuous

Lipschitz Continuity

I fix fay c x yl CEIR xyep Lipschitzcontinuity continuity

Continuity via Sequences

continuous at Xo it anCDwith An xo can Xo

Continuity of Piecewise Functions

ex p continuous.ae pitt limp_tix ftp.tacx a

Continuity in Higher Dimensions

1 tax exists if it is unique

IR use polar coordinates it angle remainsin the limit limitdoesn'texist

Rt sufficient to show two differentpaths givedifferent limit

Intermediate Value Theorem
if f is continones a cb a bed

it tra Tcb ye a f b XE a b



fix y The image of thefunction isalso continues

Extremum Theorem

a b has a minimum and maximum

Monotomicit via derivatives
f x 0 x strictly increasing

f x 0 x monotonically increasing

x co x strictly decreasing

x 0 x monotonically decreasing

injectivity andmonotonicity
IEi.Ii i:iii is iisiiiif is injective if it is strictlymonotone

its continuous andstrictlymonotone
f is bijective

is continuous

Mean Value Theorem

tlby.IE t'ccs.ceJa.blt continuous anddittable

Lipschitz continuous with derivatives
if f continueous

If x f y I Mix yl X ye a b with M may f'exsl

Minimum andMaximum of a function

it minima
it xos 0 Saddlepoint

Divergence of Functions

it 15 x too M 0 Rso x R fix M

Taylor Series andStd Expansions

e Σ 1 lix tax 91ft 1a it x x



5 Function Sequences

5.1 Types of Convergence

Pointwise Convergence

5s tnex fix XED

xED so N NCX.ES fn x f x Le n N

Foreach fixed the sequence of numbers f X converges Different sneeddifferent

Example Tn X on D 0,1 Pointwiselimit

ten 9

Unitorn Convergence
70 N NCE nZN XED tnix text LE

W does not depend on x

Uniform limit of continous tuntions is continous

Uniform convergence allows interchange of limit andintegral
Uniform convergence is stronger thanpointwise convergence

Define11th fll supxe fact text

uniformconvergence Ifn fl 0

Uniform Cauchy Criterion
0 IN n.im N.FxED 1tncx

tmcxsllEtnis uniformlycauchy it converges uniformlyto some bounded

Easier to estimate pairwise differences thanfind the limit explinitly



Normal Convergence and Weierstrass M test

In Gn x 7mn20 supxed gnex Mn and EnMac so then
Engn converges normally uniform absolute convergence

Normal convergence uniform convergence sumiscontinous it eachgn iscontinous

M test IXIER

satistics supixieplhh.li i andΣFt et l o normally convergent on R R

5,2 Practical Recipes tests Uniform Conv

1 Find Pointwise limit tax lipotnlx
2 Try sup norm compute Sn supxes Ifn x fcxsl.it Sn 70 uniform conv

3 It direct sup hard try
Weierstrass M test

Estimate by a sequence bn 70 with Itnex text bn x

Dini's theorem it Dcompact Incontinuous Inmonotone in n and t f pointwise with

continous f then convergence uniform

4 Negative Tests

It limit is discontinous but eachfn is continous

Exhibit an Eso such that for everyN there exists n 2Nand ED with

Itn x fix E

fn x Fx EIR

I IE i:i:iEie i iai.ie
uniformconvergence s.ptFIInFf uniformconvergence



5 3 Interchanging limit operations

limit and Continuity Integral
it fn are continuous and fn f uniformly then f is continuous

It to f uniformally on a b then

limo Sabtn Sallinen Salt

Limit and Derivative
1 There exists tot s suchthatfultolconverges

2 tn converge uniformly on sto a functiong

fn converges uniformly ons to a Cfunction f

f x gext XER



6 Derivatives
6 1 Foundation
Linear approximation tangent line

h x fixol f yo x Xo

Definition
taxes Is listened

derivative slope of tangent instantaneous rate ofchange

Differentiable Continuous

6.2 Rules
Sum f g g
Product fg g tg
Quotient f t.gg
Chain gex f gas glex

inverse it sin Era I F
Higher derivatives g i 5 g Generalized Product rule

Integrals feesde tryouts pen e x

6 3 Frequent Derivatives
le e

a Inca a

In x

Xa a
a



sin x COS X

cos x sin x1

tanes costs

are sina.si sina.si
Inverse rule

aritan x 2

Sinh ly coshext

Toshix sinnext

tannix 1 tank

6,4 Newton's Method
Approximate Zeros of f

x x22 fix 2x xn n int

nt n
of nets 1.4167 1.4142 I

Replace function locallyby tangentline and compute where it hitsx axis

6 5 Convex Functions
Definition

ex Cl e y test i e toy

if tech 1 1 20 t convex

is increasing tangent line is belowgraph fix fixol exolex to

CYCZ

I secant slopes increase

6 6 Taylor Polynomials
feck Local Approximations



The tix Xo 1 41 Best approximation of degree k

Remainder Lagrange Form

x Tataix x 0ft Ecex

Error control

Small o remainder form
x Trf X Xo x Xo rex with rex 7 0

Integral Form of Remainder

1 1 Trtix xo S t cescxtskdtbp 9d.in jualities

Product of Taylor Series tax gex hex
It gex Eaux he Σbaxᵗ
fix gathers E naabe
Cauchy Product



7 Ordinary Differential Equations
ODES

7.1 General Strategy
linear ODE

an y an y doty g x

1 Solve the homogeneous equation 91 7 0

2 Find one particular solution of the inhomogeneous equation

3 Use initial conditions to determine constants
The solutionspate of linear ODE is affine generalsolution yn Yp

1 Homogeneous solution

1 Characteristic Polynomial

Chp X Ant t 90 0

solve for X

2 Build solution
a Real root 7 multiplicity k

Y C e tea

241 4 0 x 12 0

Yn C e Caxe

b Realroots a

often as y L coshcax G Sinh ax
eate ax

C Complexroots at bi

Y C cos bx c sincy

4 0 A

C 105 Casinx

3 combine solutions

Ynex ΣCiYiCx



2 Particular Solution Inhomogeneous Part

Solve Any doy 91 7

Shape gex bo bix bmx em
Ansatz Ypx1 Co C Cmx em

k multiplicity of µ as root of characteristic polynomial

3 Initial Conditions

Order n ODE need n initial values

solve systems for C

Examples



7 2 Matrix Exponential

4 Afles
Solution F e eatC

ett Is
Fits f Fits Fits f E C



8 Differential Calculus in R
8.1 Core Concepts

Partial Derivatives
a Iff f dis dith an f a

h

Measures sensitivity of f along coordinate axes

Only looks in one direction

ferry Xy 2xy y x

Directional Derivative

Drexo fig tlxothuk.to
inany direction

Total Differentiability
x texo A Cx Xo

II I A 4011 0

C totally differentiable directionallydifferentiable partially differentiable continuous

Jacobian Matrix

dtc

f
matrix of first order partial derivatives

Gradient

mar 1



Direction of steepest ascent

Dutex fix U

1 Forms x IR IR

x tix dx

8.2 Function Classes and Theorems

Class C
Partial derivative exist and are continuous

Class

2nd order pd exist and continuous

Schwarz's Theorem

It tEC then

Inverse Function Theorem

Itt TEC dexo invertible

f is totally invertible

dfcxo dg f Xo

Diffeomorphism

A bijective C'map with C inverse

smooth change of coordinates

showing diffeomorphism



1 Show 1

2 show det d x to

3 show global bijection or compute inverse explicitly

Implicit Function Theorem
Problem Solve f x y 0 for y h x

det dye 0

Result Local solutionexists

be alive dh dye dxt

Existance of Extrema

if RCR compact
fcontinous

attainsmin and max


























