Analysi Re




l. Fown dation

[.1 Netations

- ¥x , for all x - =D, lplication
—dx, there is mia one X ~ &, equivaleace

- J'x, therts eractly one X - AURB, Unloa
~Ax, thee &5 po x - ANB, interection
- A, AND ~ @, emply Set
- V., OR

- =, NoT

Negotion Rules :

- A(Av D) :7A A =B

- 1(AAB): TAV -8

-~ (¥x, Ak) : 3x,7 Atx)

- = (3x, At): ¥x, 1Ay

- a(A=>B): AAa-[

- ADB: 8=>A (C contra postion)

[.2 Mapp:'n"_;

- Su/\jtec t've : ¥y EB' Ix €¢A. f[x):)r' ,'moqe € Gual¢ whole codyman
- Iﬂ\,'ecﬁv.'fy: ('nfw'l‘s gf/e differen t outputs iff f(x)=F(xy 2 X=X,

- B jetivity: in\,’eciiue ond Suf jectie, £ exlsts

[.3 Sums and Products
- Te[es’mpl'ﬂj Sums :
S’ Cap-a,) = d,-a,

n
Zm (ak "qkﬂ) Ay =Qyy



- 21 k(m) = - 7

P/o elu,t-f,( .

n Ak " an
)k"l ak— T Ao

—

= 'k.('"’n-re) 2- n-n

llq' Stlf(/l"um and Iﬂft'mum

Supermum (least dpper bound)
- S=Cup A if; ALl Tfor dl ach
ja timum C qreatest lower pound)
- 1=infAiF: a2 for all ach

=D i"FA - —Sup—ﬂ , ;ﬂ’f—ﬂ: "SUPA

’ S Pa/’lml Frac{zbd Det‘ompos,ffan

Pa o)
€cx) = o0 0o

[ ‘f deg/ee (numerator) 2 dca,te (de numerate, ) %4"'2’(‘3* 3;)- t4k &
Cx-1D* C x¥ 1)

= %4234y ThELS
w¥¢-2x2 42x2-24 +1

perform pa/ynomla/ divis’on,

= |+ Selteitek + 4
x=1)t(x?
2- (0"'?'”3 2¢/05 of devnoeminater L Cx=1)(x*f1)
Cx=1)" D 2x
Cx%1)
3 Set Up P“’*"“/ fractions (x-0*: A + B
x=t  (x-0)}

(x2¢): Cx +p
X241
dStx2t6 B Cx+
by K t4 ;@_+ = __xz__p_
G2 (xz) — X1 ' (xD X2+l

4, Clear a(enom;ﬂaf-o/s;

Br3+K> 46rta = ACx-1) (rrar) + B XY CCx#0) (x- 1R



A (%3 - xtk

S. Ekpanl +torm ! K X Y
B (x2+))
CCx3-2x%+x)+D(x*2x+)
x3: 4 1C =4
xt: -A +B8 -2C+ph = |
x: A+C -2D = 6

(: ~A4B4C 1D = &

0. Solve System

A% b= c=2 D=~

S/2 182 3hx -1

:> ' + X-1 + (x-.—l)z'f W

l. 6 lfl duc 'fl'on

Pufpue'c Prove Acn) holds for all n2n,
. D :
| as€ (ase For all n 21 2,, s nln+n)
Prove A (o) Kot 2
2. Inductton hypofheso's [, Base Cage
Assume Aln) is true N=i 2: k| i \/
’ 2 &

3. Induction Step.
Prove A Ca+l) us.'nj Wypofhess

2. Assume Al is trup

3o (neDonen
R= 1 = 2
£

N4t "
Sk :(?:‘)1- 2D

Kzt

- Nlnen
= — 4(n+t:s
= + )

n
=(nt) (2+1) =D —;‘2 v

'\7 Trimgala/ Ine q«a)ir\/

=1x+yl £ 1xtly)
= [x=yl 2 x| =yl

used in! - convergence proots
— Norwed <pares

— Eror eSt mation



2. Sequ@nCej

2. Theefem.: 0n Sequences

Bounded and MenoTone S ¢ q ueaces

Maaota nically increasiag i Rati 2 g

/nono'bm'ca#y dem,'a;.'n] ¢ a,, £ an

e —
Rounded: mEant M ¥,

~ Monofone Sequences Conveye onby if byunded,

Cauchy Seq«.en(,,;
A 20 INeWN: ¥n, m 2N, |an-amlé €

" & Sequence Converges It and 0 nly it itls a Couchy Sequesce

— le+ 0&cc]
| @pey = Qagy) £ c @,y - a, ]

=) then a, C‘onw/]r_c ( Contractive bepavior: Oitfermes shrine)

Bolzano - Wet'e/Jfra:J 77'00/”'

Ec/e/7 beundeJ .Se()uencc’ or wal or raMp/c; numbess Wove at least
one acumelation Po,'/lt Cconvefyanf' .Sublequ(m;e )
- if (an) is boana(t’o( ~> sub ¢ quence COpy) such thet QAn =2 a

(Jsed in: (ompactness afyumnf_c_

D ivelsence Yo Infini f\/

Sequmce divt’/gt’s to + o0 if



MTER INEN: A>T ¥n2N

- a2 - if anérewnfwﬂyfo/ all T

2.2 Limits

Seth'ACq;;
’ ,I’M 7)_5 z0 /bls ‘>/9
- Iim qn:O \/qé— C, Iq1<«1
- lim @ = ¥aeR
“lm £ =@ ¥KEN
:l’"‘.' $*'n(-)
=€ =1

(4
~lingimz0  YkeW

Fuactiong:
x
19

= lim (1*7‘-) e - lim % = o0 lim + = -

b x>0* / x90
- lim Sinl X) =1 l"" S:ll(f)‘_b

<0 x | . x = ] n_ _

X7 ¢t xHoo | Tty S 0
—lim In(1+x) = o0 — lim Jalw) L

X-2%e 5o x—J;\- — =0
- lim ln (0 o e 1= Coso0

X>ud xn - O,¥n>o %0 X =0

2

~Lm lnCx) = ~ oo H Xl S - 0O — lim X -

¥->0" x50’ L”(;J- x50 |-costm %

C

— lim 1-cos(x ~ L - a = A, T 75— ,CCI =z ' a-2/c
Xg ——}—,_—2—2 N+ z(n an r K€,
- im Intltn _ |

x20 x -
- x_

lim @~ 1 = ln Ca)

X 20



l'HOPH‘aI

U ( .“ hen - ﬁ 4 o (5] v p
se cascS . w we get 0, 0, |7, (a-f'h-/ rewrtiag 0-00,00—00)

4

SRS S () s :
iz, goo = i Gyl ges  f diemiiable

- if we have O -0 or O-P thea we Firsf need to

{4
i ﬁ”"ﬁ'):-—a’?{f_ P
| o "t
- Q0-90 ! f(k_)—..(]()g): g—;"'}: = Ll_’ﬂ"
§ed 3(:)-&;')
Other methods
: x| xla(x -
- luz_”' X = *:;:, (64 we look at lkh-:o‘ xIntxy > 0, Lm. ¥oe®=)
- 1,9 G
!";'a (1+9) =e &:ﬂ(""@ =@ where OO0 if Xda .
o e tesrw 2X '_.3'. -u'?
(11‘8*@”1&/»:) K ‘ |;MC!'—,3;) = lim (( H—?) 3) = 8"6
X-DSO x7®



3 Serie S

3.1 Theorem on Series

et < o .
— lZm‘ an[ < 2, las] iF Sian Converges = S a, absolute con vesgence
- Le:b Niz - Cri'fen'a:
<0 n-! .
Zm, (" ') a" (Omﬂ”jes lf An 15 Monohm'az//y detﬂ'as/ﬂj

= Quotient C(riteria:

l%lﬂ'lf C,¥n€N OLce)
n

2:: An Con Vl"Je; ab.sv'ufe/\/
= 'Keoling'fﬁ “C OnverJMce , Din'chle«l' Lriterion:

Qo
ék:l Qie bl Converges ifi

= Qy i montonicolly decreasing = o o0
-b, all Pa/‘h'dl Sums ore swaller +han C>0 . Ma€IN: lzk=,b’(I§C

~ Root (riterca:

b n
2,,,, 1an’ Converges ir L‘;n_m laJ = q £

J;V”ge.c i F I pd

3.2 Criterias

o | K2l comeerges
- Z, TF kel diverges

o b" bl COaverges absolute

COnvefﬂeJ absolute £or all a€C



Wutl Sequene Criteria: (Ne Ce ssary Condrtion)

—if dn is not a Zero saquene , 2 a, will oliverge
MaJ'Ofan-f Criterion:

- 5% a, kenvesgec if dy £ bn Yn and 2:19,. conve/ges

()

Minorant (ritferia:
«© ] . < t
- 2"..' an dwfl]e; 1 F aHan ¥n and Eobn 0{/(/3/”?}
= Hoarmenic Seres

|n fegral Croterias

0
- Zn:op Ay Con vesges = 5p Acx) Ax (o “#ye [ F:lpw)-2]0,2 no”,hn,c.//y)

decreasin 3

Power geries
n
- fex)= 2: An (R —Xo)

= Con vergence radkius R = |%=X,|

R= &=l |

= ¢ r,-&;p “J"—

Im pof‘fam“ Sums

°° l
N S

oq -9 C‘leamefric Se,,-a
n+
- Sn ao q—' - a —J— (ﬁ./&fn o‘f hd/ﬁﬂﬂl'c 50/;’(3, q_f-o
Dlan n
- 2K = "’(—219 s kz- DOTCES STk (0ER)  fithmetic Seres

o0
A A
-n_Z (ki) = | = ns#i Te,IEsmp;nj ser/es

(4
n+ %

n K - x™ n x™
- E = —X ' 2, xk: Tx__{.
z'"
—5, n‘ = %’ ( Riemann 2eta of 2)
n k. 1 n+2
-2, 2 =2-Sn



- 2‘0 K _oro x2 x3

ko k! z=e¢” = ,"‘x‘f?.if%‘!.., E x ponen tial
bt A c? Kk N
—~— m— X

ER TR, A 2%

K:o
_g e Mgt P xf
] =S‘ = - - —— X -
K=d (zk+’). pﬂ()f) ‘—iT—- x"a.] 5! e e

0o L2kt
— L——
g (k). = snh() = Xt '3&;'1 %f

K29

_ = et e :
Z, 2K)! = Cos(x) = T:'_%.T"'%"'-
oo 2k
- X
k%o k)" = Cash(X): l+—§% -‘—’;'-,
-g 021y 276, :
ot (26); = tan(x) = x- ?‘f—zf"— 2
| .
& okt arctan (x)

= InCx+1) = NS Aspa



4. F'unC‘h'OnS

f:DcR" »Ror C

41 Con 'ﬁ'nuifc/ and basic Theorems
Definiﬁ'on of Com‘/nw'//:

= Ix—xel 4 6§ > | feO> - Fixg)| €, ¥ 550, 3§70 ¥xeD | £ PR

Order FPorservotion via dervatves
~If feay> gta) ard (929w ¥xélap) - €ox) 2900 ¥xLab]
C ontinu; 7‘/ via Estmation

= |€ee>-feyy) € ljtx)- 3[7)’ , For all x,yeD, and g cortinuous =5 ¢ also contiauoens

[__,'P.SC['N"/?' - (an‘finw'fy

~ | feo-fopl £clx-y), cen ¥ryeD  Lpsch®s confinity 2 contimity

Continu/ty yia Sequences

— T continuous at Xo (7 ¥ a,C) with Apxy, ~f(an)=> 1lXo)
Confinui fy of Decewie Fuactions | |
fex - g f,:') J’: ;’; Continyous gt P fff )I(':;"p' fi® :.:m' hm=a

fy(x) ®OP
Con finuity in Hfjh.?/ Dimensions

lim fexy exsts (ff ifis unigue
X2 Xo

- R use Po[ar Coordinafes : if aﬂ]le Q remacps in the lim't D limit doesr't st
~RT: cutticient fo show two diftwent prths Give differtnt limi'¢

linterwediate Value Theorem

if £ is (‘on-f,'aoae_s, a Cb, a,be)

\f fla) cTeh) | yelFca)fh)], xela,b]



- ‘f(x)-:/,

Extremum Theorem
f(L‘a,bJ) hos a mirimam and masx mam,

Mombmicih [Vie desivatives

- ‘f'(k) >0 ¥x D .an'cf/)r -}om'as.'a]

- flx)2 0 V¥Yx = monafm’cqlly l'ﬂtn'(.fl'ﬂj

- £l <o ¥x D skidly decreasny

-t e0 ¥x > monotynicaly dec/eas.h]
,’) \).C’C‘va'fy qnd ’honofbm'a'fy - Susjective: yy EB, dx e/},ﬁx)=7, r'maqc € quals vhole codemain
= |1 jectivity: taputs give difeat outpats  iff £(x)=Fixy = x=1,

-1 f"\[ecfiﬂ [ ' 1ds s¥rie 1‘6' mongfene

- Bijetivity: injeciive gnd Surjective, £~ exists

iff confinyous asd Sin‘cf'}: monofone
=D £ s b jective

= Frs Con fiauoys
Mean Vylue Theorem

€(h) - ()
b-a

= ey, celab T Conbiranus anddityie

Lipechitz -continueous with derivatves
- if 'fl ontfinyeous
[ £¢x)~ fey) | £ MIk-yl, X,yeLa,b] with M= marl “0 |

Minimam and Maximum of A Carction

f'ty,)z0
-t f"[;(,}éo => Maximum
-1f f"(,(a) S0 > Minimum

- if fltxyz0 = Saddlegoint
Divergence of Functions

if lim ftmzdee o5 ¥M>p IR>0 xR o2 M

_Tay/o r Soriec and St/ E Jporsiors

oK. <2 x" a_ ala x2 %3
c -—2,?!-1 - (l1%) = ltart ’L{“x’f—-',}n(“x):x—-;-f-,--"



5 Function Sequences

5.‘ TYPPS O'C (f)nverymce

POI‘/”L wise (0" verqence

lim €,(x) = fex) ¥xeD
X700

( ¥x €0, ¥E50 Il = Nixe) :[Tule)- €L |25 wn2N)

Exomp’ei 6, C(x)= x"” 0a D=L£0,1]. Pointwise [mit:

fexy y 0 Oexel
1 x=r

Un i forn CO nvc’rggnce
¥eo0 IN=NCo : Yn2N, ¥2eD: |faix)-for | L€

= Uniform limit  OF contlngus tuntions is contnoes
= Uniform Convergence allo n :'nfe/chm]e of limit and :'nfejro-{
= Uniform converyeace is songesr than pohtwise Conveyence
Ve fine l[‘f,, “Tlly S 59 ey 16, (%) - f))
uniform comergence &2 I, - Fllyo >0

(/nn‘-fOrm ( auch}/ Criterion
Ye >0 IN: ¥am2N¥xeD: |f x)-fmexilCE

1, I3 uaifonnly Cauchy (=52 Conveyes uniformfy to some boounded



NO/W'a/ (On vﬂfyenc@ clrw/ WeféfijJJ /l”'ft’st

Z. 3’, Cx) AM, >0 SUPep lgn(x))_ém,, and 2 M, < N the,

Z,9a convesges hOﬂna/// Cunitorm absolute comeryomce)
Wo/m al Comr,e«e =D uniform (‘Mvez,(ﬂce 8D Sums continous (f cach J" 1S (wtaows

M-fest: Ixicp
0 n

f ]
;a _X',‘ Satsfies SMPD\‘I‘P ’%l:% and 2’5‘7 = ekl O =D NOsm Lk (‘wVeryrnf pnz-P, 9]

5‘2 Pfo\t"‘del Recfpes 9 Tests Unitorm Conu

1. Fnd Pointwise limit fexy= ’.fi:',of"“’
2. Try sup-norm: compute Sn:supgy () =€, if a0 > wniform conv.
3. |f dicect Sup hasd ty:

- Weiashuss M- tesr

= Estimate by a sequence D,>0 with | focxd-fewl £ b, ¥ox

= Dini’s theorem: if D compuct, Fa Continuous, f, movetwme ia n and £, >F poirtwise with

confnous £ thea con ve/gence Unitorm

4. Negaive Test :

<~ If limit £ iS discontaous bu+t each o 1S Continous

-~ Exhihit an £ 50 such that For Cuery NV these exists n2N and xeD with

| £, (x)- Fex]2 €

ﬁncxl:%,XGEQU | 'F""":;fs:l, rem
pointwise imif. +£,(x) Do Poiaturse limit: Tacxy Do .
Erwor: |fatx)l £ Estimete: | Fatry |2z Lo £ "hi
Lup If.(x)|=-Ln 2o A
magmae o € A

S;:’Pl?:'@)l 'E-Z—Lih >a =2 Uniform m"VﬂJpne



S. 3 ’ﬂ'fffﬁhan’fnj I.'mf‘f opg/a‘h'onj

limit and Comtnutdy [ Inteqral

-if €, are Cont'nuous and €, F uniformly , thea T (s continuouvs
- If £, >Ff uniformally 0n Ca,b] then:
: b b b
e 3= Yl e 7
Lim:+ and Dersivative
l. There erists Xo€ KL such thaf Tulxs) comer ges
2. fa' Conerfe unformyy on L+0 o Cuscien |

-2
- fa (onc/!/7{I um‘farm? onL) fo a C-f tunction

= fltw) Z0cx) ¥xéN



6 DP/;VOH‘;VQS
6.1 Founda+t'on

L;/‘ea/ app 10 ki matrOn (’faﬁﬁﬂlf lne )
hetx) = ff.'fo) t fz)(o)(X’XO)

De €/n'tion -
fex)- Tlxe)

f’(ko) z Jim —— =z Ikm ‘f[fo'fh)'ffl’v)
X, X~ Yo 9 h

desimtive = sloge Of 'fanj(ﬁf = ingfanfancous rate of change

Ditterentiable =D Cont/nuous

6.2 Rules

Sum : (f‘fg)' = f'-f'g’
Product (‘fg)'-: ‘l"ﬂ-r 1‘3'

g f: £_ ' - f' - !
Quotien ( 3) = 13 :1
Chain : (fegom)' = T'cgom) - gexy

—_—

~ly! X i
lavese: (Fq) = €0 | u=Too  de = oo
K .
§co

¥
ln'regrals'o %Lm fee)dt = FY )Pl = £CPer)) 0'tx)

6.3 Fre ('wenf Derivwnt ves
_(ex)' - e
(@) = Ina) a*
= In(' = ’;Z

I -t
-xY = ax?



- ¢! = costx)

\

- €os(x)' = -~ Sin(x)
|
T -"MO')' = Cos*x
3‘() \/':alt.ﬂ.-x o S-'AYSX‘ c.,rg ,‘_&"L :J'—[l '
Y:tery € o3y-¥el  quesinx = _:J'-_—rl— S Sia' Carcsia (4%))

- asesiarx)' = Jiexa
Inverse vute

~ drefanlry’ = T.lf_x-z

= Sinh(»'= Cosh(x)

- Cosh(xy' = Sinl<)

- tarhx)'= - tanh?;

6‘4 Newfgn s I’le-ihoc{

) byt 3 { 2
Fr) = 222 D Fry=2¢ , K= Fomgmn = 2 (Rt )

'Ic()(n ) Yoil  Ka:slT, 14167, 14182 =Tz

Xnti = Xo = Firen

6.5 Convex Functons ;

Definitron: ‘_/
fir ...
(L x +(1-8)y) £t f+ (1-t) fry) -

fetxs (1-Uy)
-iffec® £ 202> Foonver

'S lacreas :'nj, tangent line ic below greph, fex) 2 AAxe) F FCr) A-%)

- Xeyc2

finy -fw) o F2)-Gp , €R)-fy)
f=r 7 2-x T z-y

6.6 Ta7 lor Pol ynom: als

fe CK



Remainder La\?/an e ():‘,,,,m>

fex) = T El%) + (kmc') (x-x o) Xe&cCcx,

Eror Control

Small-0 remaindesr form

fex) = Te €0x; xs) + Cx—xo)krcx) with r(x)=2 0
Inte Jfa[ Form of Remainder

f0x) 2 T £(%; %) + 7 K. f f ety ex-t)%de
P/oolucf of Taylo/ Sersies (ﬂx)-ng>~hw)

g = Z aex” hc" =2 bk)‘k

- fexy = 3(x\hcac) 2 (2 akbL

K+izn

C aachy Product



—T7 Or dinary D iflerential Equm‘fom
(ODEs)
1 General S’fmfe\qy

linear OYE :
Q, },m_f Ay Y(""’... aety = g 69

1. Solve +he homojeneous equa fon (qc”.-.o)
2, Find one par'l‘icu/a/ Solution 0f the inhomo gereous cquatoy

3. Vse intial conditions Fo determine Constants

'1. HOMOJemas Solut’on

1.: Chamcterditic Po/)anmr'a/
chpm): Ay A" t-- ag =90

Solve for A
2: Build soly+ion
o) Reol 100t 2 (mltiplicity k) ’ Y-2y'tyz=0 = (r-1<e
Yelx) = x°© g™, tco.kd Yo =G e FC ke”

b) Reol roots 2 a

often as Y =(, coshCex) + G ¢inh (ax)

ar -
& e ,caw

c) (omplex roots atbi y"+y:.o =) A=ti

\/ 3 C’WCC, cosChx) 1G Sin Cbx)) y; C o5 x +(6inx

3‘3 Combiag solutors
Yh (x) = Z C Yf )



2. Particular Solu‘ii'on (_ln hﬁmogeneaus Paurt )

Solee : a,,y"’f .- $dg y:q(x)

SVMPG: qx) = (be +bix -~ bmx™) CMK

3 '
Apsate: Yot = X*( (ot Gx 4 Cor") e”
k = moltiplcify of pas voot of chamctevistc polypomial

3. Initial Cond: tions

Order n ODE = reed n in‘tial wlues

Selve 593 fems tor C.

E Xam p/es .



£.2 Matrix E ¥ponen +al

F
%g = AF(es

Coluton: F(e) =eAt C

' mt
Fres s (O0)Fees Feo: (Ge )€



8 Ditferential Calculus in Rn
8.1 Core (oncepts

P artial Derivatives:

%(G) b I;M f(a:,"' a;'l'h' "‘d,,) - f(q,)
! h-0 n

'fCr,y): Ky, %:ZXY . %= X

D irectional De/:'wtf/vc

D fixo) = lim TFeths) - flg
n-20 h

Tofal Diffecen tia ba7"1‘;'

oo 2 Cexed) T A Cx-xo)

lim | £e0) - fi) - A0l _
X-e (1% ol i

C‘ = 'I'ofcl/, di frentable = di/er—‘h'ﬂaal/, ditorentidle = Parf:'ﬂ”, dl'ffe/mf@ﬂe =D Contmuoys

Jacoblan Matric

¢t of.
Jetxy = dfen = ( oF, ax..)

2
3 .. 2t

Gradient

3t ox,
Qo = }
af/a X',,



Direction of sfeepest asent

Dy ey = @ Elx). v

1-Forms oo * R" - R
f(x) = ,2' T, 0)dx;

@.2 Functon Classes and Theorems
Class C

- Poutial derivative exist ond are Contauous

Class C*

— 2nd 0des pd exist and Contlauous

S C lnwa/-z» s Th corém

If f&szhen
Pl SRR - 2

axidxj ~ Ox; dxi

ln vesse  Tunction Theo/cm

l£f fec’ , d €lxo) invert'ble
=2
€ s Iocally tnvertcble

(dft Xo))-' 2 dg (f(x0)

Di ffga marphme

A b,'J'e cfua CI WMP wifth C’ Invesse

LS thfnj dl"f'feo ma/ph'sm :



. Show C’
2. show det d¥cxyHo

3. Show ‘7’0ba/ b'il"‘f""” 0r Gmpute (avtre Expli.

/m'olfc ‘f Flmrf/on Theofé’m

Froblem: Solve f(x,y)-fo for y= h()
det [oly f)=}0
Rpsu[t: Local Solufion ecists

hec’ _
Desivalive: h=- (dff) dxt

Ecistance of E xtema

if-0CcR" Compact
~ f contingus

=D ¥ affans min and max

8.3 Ditferential Rules

- Sum: d(ftyd(m) = dFf ) + gl

- Product (L2>R) . d(f-9y = feo dgey) + dftggex)

- Quotent : d (;5') CXp) = 9(&) df[%iqc’xf;?_dﬂwd

Cha;ﬂ Rulc - 10'
g:a 2R, £:p-2R

d(fOJ)CXo) = f’(JCXo)) dj(fo)

C h asmn Rq,le - C’I@Ile/ wl:
g: R"2R"™ £:R™>R°
d (Fog) (ra) = d F(g(xa)) 0 dgl¥e)

Jacobian:

Jtug Coo) = Jr Gesr)- Jy (o)



8.4 Ta.ylcf CXpPansion in R"

2nd 0"(‘/8/ (Twe -Varables)
DX=X-Xg Ay:r-y,

'(CY,Y) = 'lc( ¥o.%) + fx@o,}'o) ax + f, (xo,)’o)d)!
f—,[ (f,,, (%) [Ax)1+ 2{;,, ('f,,f,) aXay+ ffY C‘mﬁ)[ﬂ)’)z)

* R, (6x,8y)

Mult variat?

Xoa

T,vf(f, a)? i .'l_(_! (Onaf:'f“"' A,ax)kf'w
8.5 Practical Rec}p es

Cheds Differentab,li+y
= Ty pically com birations oF diterent'able functony - baf Issue usually arouaf
0/,'3:'/\
1. lolen‘f-'fy problem atfc Jpoints
2. Check Gntinuity € The pont
~ use polar coor dinates X=rcosp, )r:rs'np ond Study kmit os 150
- desf sequeaces apprea chrag alanJ ditferent Cuprces
3. Compute  patial desivatives of The posrt
- pactal des vat ves
= For 0si4in, compute S.fto,0)= l;}g” rtho-fiye) 0),: )
& Candidate differentuds Jacob:ar A
S. Test Frechet difwentalit?y
Il fem) ~Flx,)- ACR-Xo))
3 7Y ]

XD X,
£ Limit 29 > not differentabye




4. 0r show pa/‘ffals exst in a ne"f/,be/h 00d and ctre (®krous

Recioe 40 chon £ is 7
1. P,,fia/ derivatives ex'ct everpingn i the domaura
2. Show each patial s contiois ewrywhere

- Chow Combination ©F smoo™ fupctions

3. fe C”



q E)('h’ema)

—Mosmum ©r Minimum
- C"I’Obdl/y 0/ Loca//7
-~ (Constraints or ne

q,ll U/l Con stram ea( 0 )075'm/2-a7520ﬂ
£ cR"DR

LaMinimum: 1650, Tlr)Slr) ¥x €E(x,)

Locol Mae; m am ; t(x) 2 0D, *F éBc (r)
Global: RE6SLL

1. One - D mensional
€:La,b] >R or open intesvof

1. Boundary points
Xxza, X=h
2. Crdicaf poiatst
fitxe)=0
Or whese ' does not epst (Cusff, corners)
3. Cld:.sify Extemas:
fltry) =®
Mitimam: £(%)>0
Mag : T"(%)COD

Incon Clusve: €'(r) =0

4 Global?
- Bwluaty cand/dafes

= Com pere walue



2, Mult vasdable Functiony
f:c R >R
/’0 &ﬂdl'ﬁla‘fej
V(%) =0
2. Hesstan RL . - P

1 Or

Fle (%o) = ( bl P
A Y 3

onOK . - - 6&3‘

3, (lossit'caton:
local mt'n: Hf pvs.'f:'ug Adetinte or EVal >0

lycal mar : Hf neqe e detate o EvVal O
Saddfepp,hfi indefinife or mi xed 5/(7,1501" EVal

lnconclus’'ve: Semd debinite

9.2 (onstrained O)ov‘z'm/zaz‘r'ﬂn

1 S"nylg Con STrova¥
- £:R"R, 9.R"OR
~ (onstraint: ycx)ﬁ
- Regulas point: Uglro)£0

o is  locol extremam of £ on S then .
Vfx)= 2T9(rs)
2. Malfiple constraints

7€) = % 2;T9; (Ka)



L agrange Func-f/on

¢
Lee,a) = oo+ 223;&)
(dﬂd:dd‘fe:

- UL &, =2 and J(x):o

Steps:
1 Unolerstend coustraiat see
2. check Compuctness
3. Compute Cirad:ents

L[', SﬂIVC La//amyg Sy_(fpm
S, Lst Camdidate Points

C. Global: Ewaluate
? local: use Heyyan of Lailwyr‘an

Examp/g!

flx,y,2 = ¢y-22
Constraints : B, (xy,2)= x¥+y*-1=0

Y, (xyp) = 2r-y-2-2=0

1. Interecton of CGrlnder and plane
2. Closed and Bounded

3. 0 2¥ 2
ot-(4) oo (3 o]

4 La‘y"aﬂ]e ,(73 fem

0= 27%x +272
st 27‘&1’2;\7‘6_ 4= 23,y ._;l,z
2= A,

n,,z'Z, )7 By 13, X
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10 ln‘f‘eﬂrot‘/'l'On
10|1 Def:'m"b'an S dno( FOM Ja‘{lbﬂ}
S’fe,o Function s

k-1
b

- G'C'Op-xl'
$swrde - Z_ 6 Chuik)

S(£)=2 0n [0,1) stt)z-1oa [1,3), Stt)30nl2,4]

a
(steyde = 2.(1-0)4 C1)(-O +3-(4-3)z2-243=3
']
Fun(/a M@n‘fa/ Thgg/gm 0 + [a /Cu/l/.f
differentiatton and (rbegraton are Ierse Opesating

x '
F &)= f, geesde =D Foy < $0x)
e valuaton

$9 g)ir > Glb)-Gea)
a

R
F oo =/° (t3tcos t)d¢

Floy = x3+c0sx , FCo):®

7(. ’t“ '[ -ﬁ
S teostrve = |[Srisnel, = §

Rf?m ang Sams

b = 3
J fer)de = lim La— f Ha tk- ani)
f n>o "N koo



,,IL','",.% g (1+ 7’) 2 dz0,bz) %X,.%n,® x=2
" 2 (1+xP |2 )
= km 2 flx)ax = 59 C'l'f'ﬁ)zdl‘:[—? }9 =93

NIP® k=

L(MI', aﬂﬂ{ l”(zy/d[
if £,2f um’fO/M7 on Lo,b] then

| ..( Tulx)dx = f lma ﬂ.@)df -—f TR dx

n-20

S ("
= Xt on fe 1] Poin'fwf.(e fatk) 2 X

" ﬁ,p)&ll = Sap , Sf‘ic_”'y) [ Sy
Xe,']

(anve/7cnce 'S un'form:*

l,m i f(x)dﬁ, _(" Im falr) de = Lxdﬁ :_it_ I':: El
z

Jm pro pes I k?yral;

Infnte rnferve (:

j:ogcﬂde- Iim j 9Ce)olE

R-> 00
EﬂJpOI"' f S:'ﬂju/a,/f/

b
— s b
Sa Jesde = lm Sx 3(f)d£' 3:’3 not detircd ot

xoa
Two sided fateryul

oo b oo
Sdog(ﬂdﬁ = J@g({)dﬁ t \(’ 9&)0‘:5’

')th side Mmus t Con wexyl.

'Sw;'ﬁ dx  for pxI
4



=2

R —
S x-de: 2‘_/ - ..R__——"— R—)@ 50"“‘/7’3 pr)1 with velue 1-p
' P

diverger tos pe 1

G.n qu [an'-h/

54“' = I K&d zxﬂ' 2
o Fodr 2lim f 27 ez

| equ,ali 4 with lnfeyra(;
Yor ¥e [9, 1]

1-x €774 1

=D
{ t [
3{0«)# L fa e “ix 5~£ I o x

] -1
2 £ 1-e £

~

/’ bos 0 /u fo Value Estmate

l j(;q Sin (-(:’)dc/

Shece (Sh(ed) A

Q
1 f: sn)del € §, lsacet)lve £ S,qv de=a
Lire In Teq ol
Scalay field: ’f-'[a,l,]-?R", £: p"> R
j fds = f(Tm)Irb"CfJ’ dt

Vectar feld : v: R"2R"



SX‘/’ dr = fv(m»-o"u)dt

TieJ= (¢,¢%), ¢t eco,1]

2 Pets=0,2¢), || Yt = Jraees

Sealar: ‘fCK,Y)‘/‘ - flree)=t

ue)= 1

j £ ds = S £(¥ce) - |Fee)ll,de - j t-Jinsgrdt s 1446 yeayz 1986
dy = 8t-dt
kS /i
’)5 ;é‘fli—’.k :_‘g'J ll"l-dﬂ = -6'7 %u*’l = ;‘k(f ”’)

Vector: VIx,y)=(ye) 2 \caeer)= (&%, ¢ )
| r

) !
'Szr v-dr = 5ov(('(f))- feeyde = S (€26)- (Lagde=] thae'z [ 2edle
|

= e,z
[ onNn SCr va‘b'bg V(c‘faf F ¢ [d S

VP=v

&V-d/;o

(4
> Jﬂgv-dv:dJéB) -¢(4)

Vikey) 2% 202 00626yt ) | emr)zn®y2 - Az(o,0), 870, 2)

;gv-d/ = OB -gA= (1"+2*)-0=§



402 ,ﬂfegru‘l"/on KQIC".S

lnte gration by Parts Vutelle lptegration

\Su vz uv- 5\/u'

b b ¢,
S utx) v'exy de 7 ,uc;c) VCx)}a ‘5‘, w'x) VL )de
a

(
‘Sﬂ x"'("f‘X)d;
V'e Xdg uznllfx) 2 V:;_"X"' W = (#dx
| | | X-l
=) ‘SO X In(l4x)dx = -,':x’:[nmx)} _ ﬁ-'[T'dx Xt %2
) z lrx x> X
? X
f I e ' o i
1 S =t ~X =1
< Z-In(L) —'2‘: X dr - Ll-rz(z)-;'jox—l + x+/ /f\

l
- -,‘;lnfz) -5 [ 2K~ X 4+ la Crtr) ]o =3l(2) -—Jz‘(-{ | Hh(2) - I V)]

Su [Dsﬁf’u'}l'an Rm/@
lf uzheey, du= W) dE

jh’cfj-y(hcw) = fj[oc)du
u=hd

teb
We)- 9lhedd€ = LL
Sf“’ J 5«= lo(az\)7
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